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1. Introduction. Theorems of Phragmeén-Lindelof type and other related results
for elliptic-parabolic equations have been given by numerous authors in recent
years ([1]-[10], for example). Most of these results concern elliptic equations in a
half-space although in [5] conical domains are considered under the additional
assumption that the principal part of the elliptic operator approaches the Laplacian
at infinity. More generally, results of a qualitative nature have been obtained in
[17] without this assumption. Theorems of a different but related type involving
growth conditions on the L, norm of a solution in general domains are given in [11}].

In this paper we wish to consider a class of uniformly elliptic differential operators
in two-dimensional domains which are contained within a half strip or a sector.
In the case of the Laplacian the Phragmen-Lindelof theorem for such domains is
easily obtained from the result for the half plane by conformal mapping; however
for more general elliptic operators this technique is not available. As a result the
Phragmeén-Lindelof growth index (the critical rate of growth of solutions for which
the theorem first fails) has been unknown up to now(?). Our purpose here is to estab-
lish this growth index for half strips and sectors, showing explicitly its dependence
upon the constant of ellipticity and the size of the enclosing domain (width of
the half strip or angle of the sector), and to verify that it is best possible for the
class of operators which we consider. The appropriate Phragmén-Lindelof indices
are defined in §2 and our main results are contained in Theorems 3.3, 4.1, and 4.2.

We also include some immediate applications to extended maximum principles
and uniqueness theorems.

2. Notations and basic hypotheses. Let D be an open, connected subset of E*
(n21) and denote by Z,(D) the class of second order elliptic differential operators
of the form

Z (%) 5—5— ax ax}

with coefficients defined in D and satisfying there the normalization:

n
(1) D ax)=1 VxeD;
i=1
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(*) The existence of such an index for conical domains in n= 3 dimensions is proven in [17].
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and the ellipticity condition:

@ Z a,(x)6¢; 2 OCZ & Vxe D
ij=1 i=1
for all real n vectors (£, . .., £&,) and some constant « in the range 0 <o« < 1/n.

Clearly any second order uniformly elliptic operator (linear, quasilinear, or
nonlinear) belongs, after normalization, to some class -%,. In particular note that
the class %, consists of the single operator (1/n)A where A is the n-dimensional
Laplacian. For quasilinear or nonlinear operators the ellipticity constant « will in
general depend upon the particular solution function being considered.

In recent papers [12], [13] we have given a partial axiomatization of Phragmén-
Lindelof techniques, based upon the maximum principle and the assumption of
the existence of suitable auxiliary comparison functions. For the special class of
operators which we consider here a typical Phragmén-Lindelof result obtained in
these papers may be stated as

THEOREM 2.1. Suppose that 0D=T U TI'}, where I" and T'; are disjoint sets. Let
u(x) be a real valued function, twice differentiable in D, such that Lu(x)<0 in D for
some L e ¥, and liminf,cp.y.r, u(x)20. Suppose that there exists a nonnegative
Sfunction V(x), twice differentiable in D, such that LVZ0 in D. Define u=(x)=
max {0, —u(x)} and suppose that u~(x)=o{V(x)} as x — T, xe D. Then u=0 in D.

Here all topological concepts are understood to be with respect to E™, the one
point compactification of E™ so that if D is unbounded in E™ the boundary of D
will include the point at infinity.

The successful application of Theorem 2.1 is clearly reduced to the problem of
constructing a suitable comparison function ¥(x). In [13] we have indicated how
this may be accomplished for the entire class £, with the aid of the maximizing
equation for the class, previously introduced by Pucci [14], [15], provided this
nonlinear equation can be solved. In a recent paper [16] such solutions have been
obtained for strips and sectors in the plane (n=2) and provide optimum comparison
functions for the operators of the class %, in such domains. We devote the re-
mainder of this section to a description of these functions. Note that for plane
domains our fixed constant « is restricted to the range 0 <o <3.

We consider first the plane half strip H(d)={(x,y) : —d<x<d, y>0} and
define the Phragmeén-Lindeldf index

ca) = i. ._1_ -1 — a2 — (a- 20‘)
2.1 ANd; @) = % {a(l—a) tan~! (e/(1 — ) I
and the periodic function C(¢; «) in the parametric form
. __ Ccose (1—-2a) cos ¢
Ct o) = 1+(1—2)cos ¢ cos<p p{1+(l—2a) cos q)}

2.2 i

= el =) [ S
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The function
(2.3 V(x, y) = e¥C(Ax; o),
positive in the half strip H(d) and vanishing on its vertical sides, is the comparison
function which we seek for H(d). It has been obtained in [16] as a solution of the
maximizing equation relative to the class .%,. It follows from the theory of extremal
operators [15] that for every operator L € %, we have

LV(x,y) <0  ¥(x,y) e H(d).
Furthermore there exists an operator L’ € %, such that L'V=0 in H(d).

We note that if « =14, in which case the class %, contains only the single operator
(3){0%/ox? + &2/6y?}, our comparison function reduces to the harmonic function

V(x, y) = e™/2 cos (wx/2d).

For the plane sector S(B)={(x, y) : r>0, |0| <B<=} the construction of com-
parison functions is more involved. If 0<a<} we define the constants {;=
cos ! (1 —2«) € (0, 7/2), {;=7—{, and the Phragmén-Lindelof indices

(L € [Lq, &) satisfies
[(r—=O/tan {J tan {; + ¢, = 2B

2(1 —2¢) when0 < 28 £ =
Cq) = __ h
A e B P 0, L,) satisfies
2.4) [{/tan {] tan ¢, +C; = 28 when
|7 < 2B < min™ {2, tan {; + {3}
_ 2(1—-20) where € (—o0, 0) satisfies
~ cosh {+(1—2a) [¢/tanh {] tan {, +{, = 2B when
tan {3+, < 28 < 27
and
W(B: o) = 2(1 —20) where { € (0, {,) satisfies
*7 7 cos {—(1—20) [¢/tan {] tan {, — ¢, = 2B when
@.5) 0 < 2B < min™{2w, tan {, —{;}
_ 2(1 —2a) where (€ [0, oo0) satisfies
~ cosh {—(1—2a) [¢/tanh {] tan {;—¢; = 2B when

tan CI—cl é 2B < 277.

For the class %, we define u(8; 3)=v(8; 3)==/28.

A sketch of u and v as functions of « and B is shown in Figure 1. Note that they
are monotone decreasing functions of 8 and that u(7/2; «)=1 for all 0<a=4.

Next we define the periodic functions C,(6; B; «) and Cy(0; B; «) parametrically

as
: B; cos {1 +p, cos gju-1l-i2
C1(09 /33 Ot) = {1+,L2 c;s ¢}(Iu_ll+l)/2
2.6
0 p o @Gol—e))'® ? dt

® o (I+p; cos €)(1+p, cos €)
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FIGURE 1

where py =(|p— 1| —1)(1-20)/u and pp=(|n—1]+1)(1 —2e)/u and

. a. .~ _ cos ¢{l +v, cos ¢}"?
Co(8; 85 @) = (14, cos g} 2

0= (4a(1 — @))2 J‘“’ d¢
v o (14+v; cos £)(1+4v,cos €)

2.7

where v; =(1 —2«) and v, =+ 2)(1 —2a)/v.
Our comparison function for the sector S(B) is then given either by

28 Vi(x, y) = rCy(6; B; )
or
29 Valx, y) = r="Cq(0; B; o)

both of which are positive in the sector and vanish on its sides. Again they have
been obtained in [16] as solutions of the maximizing equation relative to the class
%, and have the property that

LV(x,y) =0  V(x,y)eSB)
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for every operator L € %,. Moreover for each of them there exists an operator
L' € %, such that L'V=0 in S(B).

Since p and v are both positive we may refer to V; as an antibarrier at infinity
and V, as an antibarrier at the origin, in the terminology of [15].

Note that for «=14 these functions reduce to the harmonic functions

Vi(x, y) = r¥28 cos m6/2B Va(x, y) = r~™28 cos =0/28.

Furthermore for the case of a half plane (8=w/2) we have u(8; «)=1 and it is
easily shown that the comparison function ¥, reduces to

rcos 6 X
Vi) = =) = el =)™

3. The Phragmén-Lindel6f theorem in a half strip. We shall first prove a
preliminary version of the theorem and then proceed to sharpen it.

THEOREM 3.1. Let D be an unbounded, open, connected set contained within a
half strip of width 2d in the plane. Let B denote the finite boundary of D. Let u(x, y)
be a real valued function, twice differentiable in D, such that Lu<0 in D for some
L e X, and lim, y)ep:(x,y)- 5 Inf u(x, ¥) 0. Suppose in addition that for some ¢>0
we have u~(x, y)=0{e* "%} for (x,y)e D as s — oo, where s denotes distance
measured along the axis of the half strip and A=Md; @). Then u=0 in D.

Proof. Since the class of operators %, is invariant under rotation and translation
of coordinates there is no loss in generality in assuming that D is contained in the
half strip H(d)={(x, y) : —d<x<d, y>0}.

From formula (2.1) it is clear that there exists a d*>d such that A*=A(d*; «)
=M(d; «) —e. We consider now the comparison function V(x, y)=e*?C(A*x; o).

From our previous remarks in §2 we have LV'<0 in D. Moreover since C(A*x; «)
is strictly positive for all (x, y) € D U B the growth condition u~ =o0{e***} as y — o0
may be written equivalently in the form

u (x,y) = o{V(x,y) forall(x,y)e Dasy— 0.

The result now follows from Theorem 2.1, taking I'; = B and I'={c0}.
Our purpose now is to improve this theorem by removing the ¢ and to show that
such a result is the best possible(?). We shall need the following

LeMMA 3.2. Suppose thqt all hypotheses of Theorem 3.1 hold with the exception
of the condition m=1im, y)ep.cx.y)~5 Inf u(x, ) 20. Then u=m in D.

Proof. If m= —oo there is nothing to prove. If —co<m<oo we define w(x, y)

=u(x, y)—m in D. Then we have Lw=Lu <0in D while lim, ,)ep.(x,y,-5 inf w(x, »)

(%) The possibility of improving Theorem 3.1 in this manner was first suggested to the
author by Professor Keith Miller of the University of California, Berkeley.
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2 0. Moreover the growth condition w~ = o{e* ~*} holds as s — co. From Theorem
3.1 we conclude that w=0 in D.
From this result it follows readily that the case m= +0o0 cannot occur.

THEOREM 3.3. Let D be an unbounded, open, connected subset of the plane which,
for suitably large values of r (=(x%+y*)'/2), is contained within a half strip of width
2d. Let B denote the finite boundary of D. Let u(x, y) be a real valued function, twice
differentiable in D, such that Lu<0 in D for some L € %, and

lim infu(x, y) = 0.
(x,9)ED(x,¥)~ B

Suppose in addition that the growth condition u(x, y)=o{e*} holds for (x,y)e D
as s — oo, where s denotes distance measured along the axis of the half strip and
A=X(d; @). Then u=0 in D. Moreover this result is the best possible for the class of
operators Z,.

Proof. Again by rotation and translation of coordinates we may assume that
the half strip of the theorem is H(d)={(x, y) : —d<x<d, y>0}.

Let us first assume that D is entirely contained in H(d). From the growth con-
dition on u(x, y) we note that given any 8> 0 there exists a y(8) such that (0, y)
+8e** 20 for all points (0, y) € D with y=j.

We define w(x, y)=u(x, y)+ 8e**C(Ax; «)/C(0; «) for (x, y) € D. The proof will
be accomplished if we can show that w=0 in D for then fixing (x, y) € D and
letting 8 — O we obtain the desired result.

Let us define H,={(x,y) : —d<x<0,y>p}, D;=D N H, and assume that
D,# . Then we have Lw=0 in D,. Moreover since w~(x, y)=o0{eM*®¥} for
(x,y)e D as y — 0 and Ad; @) <X(d[2; «) we have w™(x, y)=ofeM¥2i®-¢lv} for
(x, y) € D, as y — oo for sufficiently small ¢>0.

Let B, denote the finite boundary of D,. At any point P of B; which also belongs
to B we have lim, yyep:x,1»~p inf w(x, y)20. At those points of B, which are
interior to D and on the line x=0 we have w(0, y) =u(0, y) + 8¢*¥ 2 0. The remainder
of B, consists of those points interior to D which are on the line —d<x<0, y=7j.

Applying Lemma 3.2 (or the maximum principle in the case that D, is bounded
and not empty) we obtain the following possibilities:

(1) D,=9;

(2) w20in Dy;

(3) w restricted to D, attains its negative minimum at some point interior to D
and on the line —d<x<0, y=J.

In the same way if we define Hy,={(x, y) : 0<x<d,y>y}and D;=D N H, we
have the possibilities:

(1) Dy=g2;

(2) w20 in Dy;

(3) w restricted to D, attains its negative minimum at some point interior to D
and on the line 0<x<d, y=7.
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Finally applying the maximum principle to the remaining bounded set Q=
D Nn{(x, y) : 0<y<yj} we obtain the possibilities:

1) Q=g;

(2) w20in Q;

(3) w restricted to Q attains its negative minimum at some point interior to D
and on the line —d<x<d, y=J.

Combining these results we conclude that either w=0 in D or else w attains its
negative minimum at some point interior to D and on the line —d<x<d, y=j.
We may further assert that the second possibility cannot occur for then the strong
maximum principle would imply that w is identically constant in D which contra-
dicts the assumption that u~(x, y)=o0{e’} for (x, y) € D as y — 0. Thus w20 in
D and the proof is complete for this first case.

More generally a bounded open portion D* of the domain D will extend beyond
the base of the half strip H(d). In this case let us define m=inf, o)ep: - 4<x<a U(x, 0).

If m=0 we may apply the part of the theorem already proven to conclude
that ¥=0 in the portion of D which is contained in H(d) and the maximum
principle to conclude that =0 in D*. Combining these results we have u=0
in D.

If m<0 then m must be attained at some point interior to D and on the line
segment y=0, —d < x <d. Defining w=u—m and applying the part of the theorem
already proven we find that w=0 in the portion of D which is contained in H(d).
Again by the maximum principle we have u=m in D*. Thus u=m in D while m is
attained at some point interior to D and on the line segment y=0, —d<x<d.
The strong maximum principle then implies that u=m in D which contradicts the
hypothesis lim ., y)ep;cx,y)~5 inf #(x, ¥) 2 0. This concludes the proof.

Our result is the best possible for the class %, in the sense that the growth
condition o{ }cannot be replaced by the weaker condition O{ }. To show this
consider the function u(x, y)=1-e"*C(Ax; «)/C(0; ) in the half strip H(d) and
note that on the finite boundary of H(d) we have # =0 and, by our previous remarks
in §2, there exists an L’ € %, such that L'u=0 in H(d). While the growth condition
u~ =0{e"} holds as y — oo the condition of the theorem, u~ =o0{e¥} as y — o0, is
violated. Since the conclusion of Theorem 3.3 does not hold for this function we
conclude that the Phragmén-Lindelof growth index A(d; «) is the best possible for
the class %,

The use of Theorem 3.3 (instead of Theorem 3.1) in Lemma 3.2 yields an
analogous improvement of the extended minimum principle stated there.

CoROLLARY (EXTENDED MINIMUM PRINCIPLE). Suppose that all hypotheses of
Theorem 3.3 hold with the exception of the condition m=1im, yycp:(x.y)~5 inf u(x, y)
20. Then uzm in D.

Finally, applying the above corollary to the functions u(x, y) and —u(x, y), we
obtain the following uniqueness result.
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COROLLARY (UNIQUENESS). Let D be an unbounded, open, connected subset of the
plane which, for suitably large values of r, is contained in a half strip of width 2d.
Let B denote the finite boundary of D. Let u(x, y) be a real valued function, twice
differentiable in D and continuous on D U B, such that Lu=0 in D for some L € &,
and u=0 on B. Suppose in addition that u(x, y)=o0{e"} for (x,y)e D as s — 0,
where s denotes distance measured along the axis of the half strip and A= Xd; «).
Then u=0in DU B.

REMARK. For simplicity we have considered only domains D which, for suitably
large values of r, are entirely contained within a single half strip; however the
results may be extended easily to domains which, for suitably large values of r,
are contained within a finite number, N, of half strips. In this case we would
require a growth condition in each of the half strips (of widths 2d,, 2d,, . . ., 2dy)
of the form u~ =o{e’*} as s — o0 where \,=X(d;; o) for i=1,..., N.

4. The Phragmén-Lindelof theorem in a sector. Aside from the change in
geometry from half strips to sectors and the use of the comparison functions (2.8)
or (2.9) instead of (2.3) the proofs of the results to be given here are virtually
identical with those in §3. For this reason we shall be content to merely state the
theorems in their final forms.

THEOREM 4.1. Let D be an unbounded, open, connected subset of the plane which,
JSor suitably large values of r (=(x%+y?)'/2), is contained within a sector of half
angle B, 0 <B <. Let B denote the finite boundary of D. Let u(x, y) be a real valued
function, twice differentiable in D, such that Lu<0 in D for some L e %, and
lim . ysepicx,vy~5 Inf u(x, ) 0. Suppose in addition that the growth condition
u~(x, y)=o0{p"} holds for (x, y) € D as p — o0, where p denotes distance measured
from the vertex of the sector and p=p(B; @). Then u=0 in D. Moreover this result
is the best possible for the class of operators %,

The fact that the result is optimal for the class %, follows from the observation
that the negative function u(x, y)= —r*C,(0; B; «) satisfies all conditions of the
theorem in the sector S(8)={(x, y) : r>0, |0] <B <=} except the growth restriction.
In fact while the growth condition u~=0{r*} holds as r — oo the condition
u~ =o{r"} is obviously violated.

CoRrROLLARY (EXTENDED MINIMUM PRINCIPLE). Suppose that all hypotheses of
Theorem 4.1 hold with the exception of the condition m=1imy. yep.(x.y)-s inf u(x, y)
>0. Then u=zm in D.

CoroLLARY (UNIQUENESS). Let D be an unbounded, open, connected subset of the
plane which, for suitably large values of r, is contained within a sector of half angle B,
0<B<m. Let B denote the finite boundary of D. Let u(x, y) be a real valued function,
twice differentiable in D and continuous on D U B, such that Lu=0 in D for some
Le ¥, and u=0 on B. Suppose in addition that u(x,y)=o{p"} for (x,y)e D as
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p — 00, where p denotes distance measured from the vertex of the sector and
u=u(B; «). Then u=0in D U B.

REMARK. The above results remain valid for a domain which, for suitably large

values of r, is contained within a finite number of sectors of half angles 8;, . . ., By
provided the appropriate growth condition u~ =o{p*} holds in each sector as
p — oo, where u;=u(B;; «) for i=1,..., N.

REMARK. For the special case of a half plane sector (8=/2) we have u(8; «)=1
for all @, 0 <« <} and the result of Theorem 4.1 coincides with the well-known
Phragmén-Lindel6f theorem given by Gilbarg [1] and extended by Hopf [2].

THEOREM 4.2. Let D be an open, connected subset of the plane which, in a neigh-
bourhood of a finite boundary point P, is contained within a sector of half angle B,
0<pB <= and vertex P. Let B denote 9D —{P}. Let u(x, y) be a real valued function,
twice differentiable in D, such that Lu<0 in D for some L € £, and

lim infu(x, y) = 0.
(x,v)eDi(x,y)»B
Suppose in addition that the growth condition u~(x, y)=0{p~"} holds for (x, y) e D
as p — 0, where p denotes distance measured from P and v=v(B; «). Then u=0 in D.
Moreover this result is the best possible for the class of operators %,

The negative function u(x, y)= —r~"Cy(8; 8; «) in the sector

SB ={x,»):r>0,10 <B <=}

provides the example which shows that the Phragmén-Lindel6f growth index
v(B; ) cannot be improved for the class %Z,.

COROLLARY (EXTENDED MINIMUM PRINCIPLE). Suppose that all hypotheses of
Theorem 4.2 hold with the exception of the condition m=1im . y)ep:(x,y—-5 I0f u(x, )
20. Then uzm in D.

CoROLLARY (UNIQUENESS). Let D be an open, connected subset of the plane
which, in a neighbourhood of a finite boundary point P, is contained within a sector of
half angle B, 0 < B < and vertex P. Define B=0D—{P}. Let u(x, y) be a real valued
Sfunction, twice differentiable in D and continuous on D U B, such that Lu=0 in D
for some L € %, and u=0 on B. Suppose in addition that u(x, y)=o{p~"} for (x, y) € D
as p — 0, where p denotes distance measured from P and v=v(B; &). Then u=0 in
DU B.

REMARK. The results of Theorem 4.2 and its corollaries remain valid for a
domain which, in a neighbourhood of each of a finite number of finite boundary
points Py, ..., Py is contained within a sector of half angle 8;, 0 <8; <= and vertex
P, fori=1,..., N provided the appropriate growth condition ¥~ =0{p~"} holds in
each sector as p — 0, where v;=v(8;; o) fori=1, ..., N. A combination of Theorems
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4.1 and 4.2 may also be stated which would permit an a priori growth of solutions
at both infinity and the vertex of a sector.
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